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Assignment-7: Gamma and Beta Functions

1. Evaluate (i) Γ(7) (ii) Γ

(
7

2

)
.

2. Show that (i) Γ

(
1

3

)
Γ

(
2

3

)
=

2√
3
π

(ii) Γ

(
m+

1

2

)
=

√
πΓ(2m+ 1)

22mΓ(m+ 1)
, where where m is a non-negative integer.

(iii) 22m−1Γ(m)Γ(m+
1

2
) =
√
πΓ(2m), where m is a positive integer.

3. For s > 0, p > 0, show that

(i)

∫ ∞
0

xp−1e−sxdx = Γ(p)/sp (ii)

∫ ∞
0

e−s
2x2dx =

√
π/2s.

4. Show that Γ(p) =

∫ 1

0

(ln(1/y))p−1dy; p > 0; and hence evaluate the integral∫ 1

0

(ln(1/y))−1/2dy.

5. Show that for integer m > −1, n > 0∫ 1

0

xm(lnx)ndx =
(−1)nn!

(m+ 1)n+1
.

6. Show that for c > 1, , ∫ ∞
0

xc

cx
dx =

Γ(c+ 1)

(ln(c))c+1
.

7. Show that for r > −1,∫ ∞
0

xre−s
2x2dx =

1

2sr+1
Γ

(
r + 1

2

)
.

8. Prove the following: (i) β(x, y) = 2

∫ π/2

0

sin2x−1 θ cos2y−1 θdθ.

(ii) β(x, y) =

∫ ∞
0

tx−1

(1 + t)x+y
dt.

(iii) β(x, y) = β(x+ 1, y) + β(x, y + 1).

1



2

(iv)
1

x+ y
β(x, y) =

1

x
β(x+ 1, y) =

1

y
β(x, y + 1).

(v)

∫ 1

0

tm−1(1− t2)n−1dt =
1

2
β
(m

2
, n
)
.

(vi)

∫ 1

0

(1− t6)−1/6dt =
π

3
.

9. Show that for any m ∈ N,

β(m,m) =

√
πΓ(m)

22m−1Γ(m+ 1/2)
.

10. Evaluate the following integrals in terms of Gamma and Beta functions:

(i)

∫ ∞
0

e−x
4

dx (ii)

∫ ∞
0

x−7/4e−
√
xdx (iii)

∫ a

0

x9(a6 − x6)1/3dx, a > 0.

11. Evaluate

∫ ∞
0

xe−x cosαx dx, α > 0, using Gamma integral, and hence find

the value of

∫ ∞
0

x2e−x sinαx dx.

12. Evaluate

∫ ∞
0

xe−x sinαx dx, α > 0, using Gamma integral, and hence find the

value of

∫ ∞
0

x2e−x cosαx dx.

13. Prove that

Γ(n+
1

2
) =
√
π

n∏
k=1

2k − 1

2
for n ∈ N.

14. Show that (Dirichlet’s Integral)∫∫∫
V

x2ydV =
π

8
,

where V is the region bounded by x2 +
y2

4
+
z2

9
= 1 and the coordinate planes.

Answers.

(1) (i) 720 (ii)
15

8

√
π (4)

√
π

(10) (i) Γ

(
5

4

)
(ii)

8

3

√
π (iii)

a12

6
β

(
5

3
,
4

3

)
(11)

(1− α2)

(1 + α2)2
,

2α(3− α2)

(1 + α2)3
(12)

2α

(1 + α2)2
,

2(1− 3α2)

(1 + α2)3


