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Assignment-3: Differential Calculus

(1) Suppose f,g,h: R? — R are continuous functions. Show that each of the following
functions are continuous on R?:
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(2) Find the following limits, if they exist
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(3) (a) Consider the function f(z,y) = Z for (z,y) € R? with z — y # 0. Show that
31511}%[51{}% f(z,y)] =1, but hm[hm f(a: y)] = —1. What can you say about the
existence of . 1)111(100 f (ZB y)
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(b) Let f(z,y) =0if y =0, and f(x,y) = xsin (—) , if y # 0. Compute
Y

lim  f(z,y) and iterated limits llm[hm f(z,y)] and lim[lim f(z,y)] if they
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exist. 5 5
(c) Let f(x,y) = Ty if z2y* + (z — y)* # 0. Show that hm[hm f(z,v)]
’ fL'Qy + (37 - y)2 z—0y—0
and hm[hm f(z,y)] =0.But lim f(z,y) does not exist.
y—0z (z,y)—(0,0)

0 if = is rational
0 et s = { |
does not exist.
(5) Examine the continuity of the function f(z,y) at (0,0) in each of the following cases.
Also check the existence of f,(0,0) and f,(0,0).
sin™!(z + 2y)

if o is irrational Show that for any point (a, b), (x,yl)lil%a,b) f(z,y)
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(6) For the function f(z,y) = T2 42 (z,y) # (0,0)
0, (x,y) = (0,0)

y)
Compute f,(0,y), f,(z,0), f-(0,0) and f,(0,0), if they exist.



(7) Show that the function

w¥sin o5 +y° sin 5, when zy # 0
23 sin &, when z #0andy =0 . .. .
flz,y) = P sin y1_27 when 7 =0 and y £0 differentiable at (0, 0),
0, when z =y =0

whereas none of f,, f, is continuous at (0, 0).
(8) Determine the values of p for which f(x,y) = |zy|P, zy # 0, and f(z,y) =0, zy =0,
is continuous and differential at (0, 0).
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(9) Show that the function f(z,y) = (2% + %) cos ( /22 + yQ)’ (2,y) # (0,0) is
0, (z,y) = (0,0)
differentiable at (0,0) and that f,, f, are not continuous at (0, 0).
(10) Let f : R? — R be differentiable everywhere except at (0,0). Suppose that all partial
derivatives of f exist at origin.
(a) Can f be extended to a continuous map from R? — R?
(b) Suppose f is continuous at origin. Is f differentiable from R* — R?
(11) Check differentiablility of the following functions:

(a) f(x,y) = /22 + 3?2 for (z,y) € R

(b) f(z,y) =1if 0 <y < 2? and f(z,y) = 0 otherwise.

(€) flay) = 3 for () # 0, and £(0,0) =0.
_ [ wyEs, (wy) #(0,0)

(d) f(z,y) = { o,+ (o.9) = (0.0) at (0,0).

.T22

:x4+y2

(e) f(x,y) for (x,y) # 0, and f(0,0) = 0.

Answers:

2. (a) 0 (b) does not exist (c) does not exist (d) 0 (e) 0 (f) does not exist (g) 0
3. (a) does not exist (b) 0, does not exist, 0
5. (a) continuous, 0,0 (b) continuous, 0,0 (c¢) continuous, 0,0
(d) discontinuous, 0,0
6.0,1,0,-1.
8. For continuity p > 0 and for differentiability p > 1/2.
10. Not in general for both cases.
11. No, No, No, Yes, Yes.



